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Abstract
We study, using 2D direct numerical simulations, the eﬀects of particle inertia on the condensation process in a vortical ﬂow. We
ﬁnd that particle inertia has a small eﬀect on both the overall condensation rate as well as the size distribution of particles. These
particles represent water droplets in the turbulent ﬂows that are convecting clouds. The simulations presented here are indicative,
and should serve as proof of concept. More detailed simulations are being performed.
c© 2014 The Authors. Published by Elsevier B.V.
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1. Introduction
Clouds are mixtures of water vapour and air containing suspended particles including droplets of liquid and solid
water. Cloud dynamics involve a staggering range of length and time scales, and are crucial to the global weather and
climate cycles.
We are interested in particular in convecting (cumulus) clouds. These are highly turbulent ﬂows, with typical length
and velocity scales of L = O (100 m) and U = O (1 m/s) for the largest eddies in the ﬂow. It is now well known that
the change of phase of water drives the dynamics of cumulus clouds (see, e.g. Narasimha et al. 1). In order to be
more concrete, we consider warm cumulus clouds–i.e. clouds in which there is no ice–where the only phases of water
involved are liquid and vapour.
Water vapour, in order to condense in terrestrial conditions, requires the presence of aerosol particles that act as
nuclei for the condensation process. The condensation process thus starts with aerosol particles that are a fraction
of a micron in diameter, and produces droplets that are several tens of microns; droplets that are about a millimeter
in diameter constitute rain. Droplets which are about ten microns in size are predominant in warm cumulus clouds
(Pruppacher and Klett2), and are neither too large for them to fall oﬀ as rain, nor too small that the dynamical eﬀects
of their ﬁnite size are negligible.
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2. Inertial Particles
Particles of ﬁnite size in ﬂuid ﬂow do not follow ﬂuid streamlines, and experience a Stokes drag proportional to the
instantaneous diﬀerence between the particle and ﬂuid velocities. Water droplets suspended in air may be modelled
as heavy particles that are much denser than the carrier ﬂuid (since the density of liquid water is about three orders of
magnitude larger than the density of air). For the size range of interest to us, the particles may also be modelled as
rigid spheres. They therefore obey the Maxey-Riley3 equations in the heavy particle limit:
dv
dt
=
u − v
τ
, (1)
where the Stokes time-lag of the particle, τ, is given by τ = 2a2ρw/9μair, where a is the radius of the particle, ρw is
the density of liquid water, and μair is the (dynamic) viscosity of air.
The dynamics of heavy particles is inherently dissipative, and has interesting consequences. Bec4 showed that the
dissipative nature of the dynamics of inertial particles leads to their clustering (into fractals). It is also known5 that
there exist, for pairs of like-signed vortices, attracting ﬁxed points that act like sinks for particles with inertia. It was
also shown by us6 that the larger the inertia, the faster the particles fall into these sinks.
We focus on the property of heavy particles tending to leave regions of high vorticity and the consequences for the
thermodynamics of phase change. This problem has been studied previously by Shaw7.
3. Direct Numerical Simulations (DNS)
3.1. Fourier Pseudospectral method
We do this by direct numerical simulation (DNS) of the Navier-Stokes equations. The simulations are done using
a pseudospectral method with 256 Fourier modes and 3/2 dealiasing. For each gridpoint on the discretised grid,
u = J∇ψ
dω
dt
= ν∇2ω + ∂B
∂y
dρv
dt
= νs∇2ρv −
∑
i
4πa2i
dai
dt
ρw
dT
dt
= κ∇2T + lv
Cp
∑
i
4πa2i
dai
dt
ρw
∇2ψ = −ω, (2)
where J =
0 1
−1 0 , the buoyancy B = g
(
T−T∞
T∞
)
and the sum is over whatever particles exist in the box dx × dy.
The particle motion is studied by tracking each particle individually; ﬂuid velocities and vapour densities at the
particle locations are obtained by (bi-)linearly interpolating between the Fourier gridpoints. The same procedure is
applied in reverse to account for the eﬀects of the particles on the ﬂow. Note, however, that while the growth of
particles consumes vapour from the ﬂow and increases the temperature of the ﬂow, we include no term for the drag
on the ﬂow due to the Stokes drag on the particle.
The eﬀects of inertia are accounted for as follows: as the particle grows, the particle’s τ increases. For simulating
inertial particles, we allow this change in τ to aﬀect the dynamics of the particle; for tracer particles, while particles
still grow in size as they consume vapour, this increase in size does not aﬀect the motion of the particles, which
continue to follow ﬂuid streamlines.
The rate at which the particles grow, da/dt, can be written down by assuming that the particles grow by simple
vapour diﬀusion (for a derivation, see, e.g., Pruppacher and Klett2). This gives,
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a
da
dt
=
ρv
ρs
− 1
Cρw
, (3)
where C is a slowly varying function of temperature and has a value of C ≈ 107m · s · kg−1. The saturation vapour
density, ρs, is a function of the temperature, following the Clausius-Clapeyron law:
ρs = ρ
0
sexp
[
lv
Rv
(
1
T0
− 1
T
)]
, (4)
where ρ0s is the saturation vapour density at T0.
This gives, for the particle dynamics,
dx
dt
= v
dv
dt
=
u − v
τ
dτ
dt
= α
(
ρv
ρs
− 1
)
, (5)
where α = 4/(9μairC) = 0.004¨4 is assumed constant.
The particles can only grow if the vapour is supersaturated. The rate at which vapour is consumed thus depends
on the size and number of particles, but also on their arrangement in space. Eﬀects of particle inertia could, therefore,
alter this rate of consumption of vapour.
3.2. Vortices and turbulence
Turbulent ﬂows, such as the ﬂows in clouds, are bundles of vorticity. And, as already pointed out, regions of strong
vorticity repel heavy inertial particles. We thus have, as proof of concept of the eﬀects of inertial particles on the
dynamics of clouds, the eﬀects of inertial particles on an aritiﬁcal ﬂow with strong vortices.
The Kolmogorov scales η and uη are given by:
U3
L
=
u3η
η
= ε and ηuη = ν
Typical values of ε range from about 0.001 to about 0.1 m2s−3 (see, e.g., Grabowski and Wang8). We use η = 1mm,
and uη = 2 cm · s−1, so that ε = 0.08. Since our simulations are DNS, and we use 256 Fourier modes, our simulation
domain is a square of side 0.25m.
For legacy reasons, we start with a system of vortices which are regularly arranged in the beginning (the results
don’t change if the initial placement of the vortices is random). The initial conﬁguration is shown in ﬁgure 1. The
number of vortices is chosen such that the rms velocity in the domain is O
(
uη
)
.
4. Results
Particles with inertia cluster in turbulent ﬂows. This clustering of particles has been studied extensively (see, e.g.
Bec4). Among the eﬀects of inertia is that particles are thrown out from regions of curved streamlines, such as the
vicinity of a vortex (with some exceptions: see, e.g. refs. 5,6). Consequently, the centres of vortices are devoid of
large particles; also, there are regions dense with particles around the vortices. This combination of eﬀects means that
inertial particles can see very diﬀerent environments from tracer particles. Fig. 2 shows the vapour concentration for
simulations with inertial and tracer particles, and also shows snapshots of the particle positions at t = 1 (in timescale
units corresponding roughly to the Taylor microscale). It can be seen that the vortex centres are more or less devoid
of particles (blue dots are particles, and white regions have no particles), and have a larger vapour concentration.
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Fig. 1. Initial position of vortices, with the colour bar indicating the vorticity.
4.1. Total vapour content
Figure 3 shows plots for the overall vapour content in the domain. We ﬁnd that the total vapour content is slightly
higher at a given time because of inertial eﬀects.
4.2. Droplet size distribution
Fig.4 shows the size distribution of the particles in the simulation (where the τ of tracer particles is only a reﬂection
of their size and aﬀects the condensation dynamics without aﬀecting the motion of the particles). The simulations
were started with a uniform initial particle Stokes number of S t = τη/uη = O (0.01), which is typical of what is seen
in cumulus clouds. We ﬁnd that the average increase in the particle inertia is about the same with and without inertial
eﬀects, but that the spread of τ is larger with the eﬀects of inertia included. The vapour distribution from ﬁgure 2
suggests that this is because of the presence of a wider range of vapour concentration values in ﬂows with inertial
eﬀects.
5. Conclusions
Inertial particles cluster in turbulent ﬂows. We have tried to quantify the eﬀects of particle inertia on the rate
and dynamics of condensation of water vapour. We have done this by studying the behaviour of particles in two
dimensional vortical ﬂows (in eﬀect decaying turbulence). We ﬁnd that the overall rate at which the supersaturation of
water vapour is extinguished is slightly smaller for simulations with inertial eﬀects than without. We also ﬁnd that the
distribution of particle sizes is wider due to the eﬀects of particle inertia. We point out, however, that our simulations
were done without including the eﬀects of particle settling due to gravity, and that more careful simulations are
required, perhaps in 3D.
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Fig. 2. Comparison between inertial particles and tracers at t = 1. Plots for inertial particles are on the left, plots for tracers are on the right. a)
Vapour, b) particles. The colour bar for the ﬁgures showing particle positions show τ/τ0. For the distribution of the quantity τ/τ0, see ﬁgure 4.
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Fig. 3. Eﬀects of particle inertia on the overall vapour content. The eﬀects of inertia seem to be to slow down the consumption of vapour.
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Fig. 4. Eﬀects of particle inertia on the droplet size distribution at t = 1.
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